Let T be a tree and L be its 
Introduction
Let G = (V , E) be a simple graph with vertex set V = V (G) = {v 1 Considering λ 2 (G) as a quantitative measure of the connectivity of G, Fiedler [2] , terms it the algebraic connectivity of G. The study of the algebraic connectivity receives much attention from researchers, see e.g., [8, 9] . Fiedler gives a remarkable result on the structure of the eigenvectors corresponding to the algebraic connectivity (also called Fiedler vectors) of a simple graph; see [4, Theorem (3, 12) ]. Fiedler's result motivates a lot of work on eigenvectors structure, see, e.g., [1, 3, 7, 10] . We now list some results related to this paper.
Let T be a tree. In [3] Fiedler investigates the eigenvector of acyclic matrices and obtains some results on more general eigenvalues and eigenvectors of trees (not necessarily the algebraic connectivity and the Fiedler vector), one of which is that: if a tree T has an eigenvector Y corresponding λ k (T ) with all entries different from zero, then λ k (T ) is simple and |C(T , Y )| = k − 1. Also for a tree T , Pati gives a complete description of the eigenvector corresponding to λ 3 (T ) in the case of λ 3 (T ) > λ 2 (T ) [10, Theorem 3.5] .
Due to Pati, an eigenvector of G is called a 3-vector if this eigenvector is corresponding to λ 3 (G) and if λ 3 (G) > λ 2 (G) [10] . One may define similarly that an eigenvector of G is called a k-vector if this eigenvector is corresponding to the λ k (G) and λ k (G) > λ k−1 (G) . has the possibilities of containing one element and containing two elements; see Example 3.6 of [10] . So it is difficult to investigate the tree structure from a given characteristic set C(T , Y ) for some 3-vector Y .
We now pose the following problem: For arbitrary given integer k 2, whether does a tree T exist such that
The tree with the above property is called k-simple. (Note that any tree is 2-simple.) In this article we supply an answer to the above problem. We show that k-simple trees exist and characterize them for k 3. We also show for any k-simple tree T , C(T , Y ) is only determined by the tree T itself, which is consistent with the property of 2-simple tree (i.e., arbitrary tree). Finally, we give some properties of the eigenvalues and eigenvectors of a k-simple tree.
Main result
Let G be a connected graph on n vertices and let Y be a vector of R n which gives a valuation of vertices of G. We will use following notations. 
A subgraph H of G containing a nonzero vertex is called a nonzero subgraph of G. Similarly, a subgraph H of G is called positive (and respectively, negative) if V (H ) consists of positive (and respectively, negative) vertices.
Henceforth we focus on the k-vectors of a tree T and always assume that k 3. We simply write k λ and L instead of λ k (T ) and L(T ), respectively, if no conflict exists there.
The following result can be obtained from well-known lemmas for nonnegative matrices; see e.g., [6] . An n × n matrix A will be called acyclic if it is symmetric and if for any mutually distinct
Lemma 2.4 ([3], Theorem (2,3)).
Let A be an n × n acyclic matrix. Let Y be an eigenvector of A corresponding to an eigenvalue λ. Denote by ω + and ω − , respectively, the number of eigenvalues of A greater than and less than λ. Let there be no
where r is the number of zero coordinates of Y, a + is the number of those unordered pairs {i, k} for which
and a − is the number of those unordered pairs {i, k} for which
The following is an immediate corollary and the proof is parallel to that of Pati's results [10, Corollary 3.2, Theorem 3.5(I)]. 
Corollary 2.5. Let T be a tree and let
Y be a k-vector of T . Then 1 |C(T , Y )| k − 1. In particular, if |C(T , Y )| = 1, then the unique element of C(T , Y ) is a vertex.
Proof. Let T be a graph obtained from T by deleting those zero vertices of T which are not characteristic vertices. It is clear that k λ is also an eigenvalue of L[T ] corresponding to the eigenvector Y [T ], and
which yields a contradiction. The result follows.
Lemma 2.6. Suppose that Y is a k-vector of a tree T and u is a vertex in C(T , Y ). Suppose that
There is at least one component
Proof. Let Y give a valuation of the vertices of T . T − u has at least two nonzero components C 1 , C 2 . As |C(T , Y )| 2, at least one of C 1 and C 2 is negative or positive, say C 1 . Note that 
By (2.2) and the fact k 3, we may assume that
. . , m, and hence C 2 is one of the components
Remark 2.7. Suppose that Y is a k-vector of a tree T and u is a vertex in C(T , Y ). Suppose also that |C(T , Y )| 2. By Lemma 2.6, all components
. . , q; q 0) (q = 0 here and in the following means that these components do not exist) of T − u can be ordered as follows:
Denote by m A (λ) the multiplicity of λ as an eigenvalue of the matrix A. If λ is not an eigenvalue of A, set m A (λ) = 0. 
Theorem 2.8. Suppose Y is a k-vector of a tree T and u is a vertex in C(T , Y ). Suppose also that
|C(T , Y )| 2. Let T i 0 , T j 1 , T l 2 be the components of T − u as described in Remark 2.7. Then m L ( k λ) = p − 1 + m m i=1 L[T i 0 ] ( k λ).
Proof. Let Y give a valuation of the vertices of T . Since |C(T , Y )| 2, T − u necessarily has a positive or a negative component. For any k-vector X, X[u] = 0 by Lemma 2.3, and for any component
is either positive or negative or zero for j = 1, . . . , p. Furthermore, 
by Lemma 2.1. Then p 2 in the order of the components of T − u in Remark 2.7.
We now assert k λ is not an eigenvalue of For
is either positive or negative or zero by Lemma 2.1. From the order of the components of T − u as in Remark 2.7, we get 
Theorem 2.11. A tree T is k-simple if and only if there exists a cutpoint u ∈ V (T ) such that the components of T − u can be ordered as follows, where
Proof. By Remark 2.10 (or Corollary 2.9), the necessity follows. So we just need to show the sufficiency. Let λ 1 (L[T 
By the order of the components of T − u in the theorem, we have λ At final, we give a property of k-vectors of a k-simple tree. We first introduce a result of Pati's. Proof. The result follows from Corollary 2.9 and Lemma 2.16.
